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We propose a time-dependent level-crossing approach to the generation of high harmonics by a two-level
system which stresses the periodicity of the processes involved. We establish relationships between multiple
Landau-Zener crossings of energy levels and features of high harmonic generation such as cutoff, conditions
for a plateau, and plateau height. @S1050-2947~97!04810-5#
PACS number~s!: 42.50.Hz, 42.65.Ky, 32.80.WrThe generation of high harmonics in the spectra of
strongly laser-driven atoms has inspired much experimental
and theoretical development in the past few years @1#. The
generation of a broad plateau of harmonics appears to be
most effective if the laser intensity is such that tunneling of
electronic wave packets from the laser-deformed atomic po-
tential is repeated many times in a phase-locked fashion.
This observation provides the foundation for the very suc-
cessful ‘‘recollision picture’’ @2–6#. Nevertheless, there are
simple models of high harmonic generation which also pre-
dict a plateau and a cutoff, but have no apparent connection
with the recollision model. One of these simple models is
that of a two-state atomic system driven by a strong laser
field whose frequency is much less than the atomic transition
frequency, where the generic plateau and cutoff is once again
reproduced @7–11#. However, this simple model contains no
continuum and allows no possibility for any recollision pro-
cesses, let alone many phase locked recollisions. The pur-
pose of this paper is to introduce a time-dependent two-state
model with periodic crossings of levels for the study of high
harmonic generation. The model explicitly contains repeated
encounters, phase locked to the laser driving field, which are
remarkably reminiscent of the recollision model. We begin
with a theoretical description of the driven two-level atom;
then we establish the connection with periodic level cross-
ings and present some numerical results in support of the
new interpretation. Finally, we conclude with a comment on
the connection with real atomic systems.
The theoretical description of the system begins with the
time-dependent Hamiltonian for two coupled states with en-
ergy separation \v0 coupled to an electric field
E(t)5E0sin(vLt),
H~ t !5\F2v0 /2 V0sin~vLt !
V0sin~vLt ! v0 /2
G , ~1!
where V0 denotes the Rabi frequency ~or coupling constant!,
i.e., V052mW E0 /\ where mW is the electric-dipole transition
matrix element between the two states of the system. The
laser frequency is vL , and of course we do not make the
rotating wave approximation. In this paper we ignore pulse-
shape effects, and will not assume that V0 is time dependent;
thus the system is driven by a laser field with a constant
amplitude. The state of the system can be represented by two561050-2947/97/56~4!/3093~4!/$10.00amplitudes c1 and c2 so that uC(t)&5c1(t)u1&1c2(t)u2&
and, hence, in the basis of Eq. ~1!,
uC~ t !&5S c1~ t !
c2~ t !
D . ~2!
We will be interested in determining the generic origin of
the plateau and cutoff features observed in the high harmonic
generation ~HHG! spectra. As these features are characteris-
tic features in all HHG spectra, and appear in both the co-
herent and incoherent parts of each HHG spectrum, we re-
strict our study to the coherent part of the spectrum SC(v),
i.e., the spectrum of the mean dipole, which is predominant
for forward detection @12#. Thus the main observable of in-
terest is the time-dependent mean dipole moment,
d~ t !5m@c1*~ t !c2~ t !1c1~ t !c2*~ t !# , ~3!
which leads to the coherent part of the spectrum @12#,
SC~v!5U E dte2ivtd~ t !U2. ~4!
The numerical solution of the problem is straightforward: the
Schro¨dinger equation and the Hamiltonian ~1! result in
coupled differential equations which are readily solved.
In order to present a picture of ‘‘level crossings’’ we per-
form a very simple basis rotation by utilizing the unitary
operator
Uˆ 5
1
A2
F 1 1
21 1 G . ~5!
Then the Hamiltonian H(t) is expressed in the rotated basis
as
H˜ ~ t !5Uˆ H~ t !Uˆ †5\FV0sin~vLt ! v0/2
v0/2 2V0sin~vLt !
G , ~6!
and we see that the rotation exchanges the roles of Rabi
frequency and atomic frequency. In this basis, the diagonal
terms display the time dependence sin(vLt), and the off-
diagonal terms v0/2 correspond to the coupling between
those two time-dependent states. We see that we thus obtain
a picture of periodic crossings @13–15# between the trans-3093 © 1997 The American Physical Society
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ing occurs at a time for which V0sin(vLt)50 and the time
between each crossing is determined by half the period of the
laser frequency, T1/25p/vL , just as in the recollision
model. We will see later that a time tc characterizes the
duration of a crossing. This way of formulating the problem
will allow us to relate it to the nonadiabatic techniques uti-
lized in Ref. @13# and @16#. The transformation ~5! matches
that in Refs. @17# where studies were made of two-electron
dissociative ionization and above-threshold dissociation us-
ing classical trajectories with surface hopping. However, in
this paper we consider the consequences for high harmonic
generation of a simple two-level system where coherence is
propagated between the level crossings. Further, the cross-
ings we describe here should not be confused with the cross-
ings of Floquet states found when describing pulse-shape
effects @18#. Finally, we note that in the rotated basis the
dipole moment belonging to the system ~1! becomes the
population difference. That is,
d~ t !5m^C˜ ~ t !uUˆ ~ u2&^1u1u1&^2u!Uˆ †uC˜ ~ t !&
5m~ uc1˜~ t !u22uc2˜~ t !u2!, ~7!
where
uC˜ ~ t !&5Uˆ uC~ t !&5S c1˜~ t !
c2˜~ t !
D 5 1A2S c11c22c11c2D . ~8!
Figure 2 shows an example of the behavior of the mean
dipole as a function of the time ~in units of the laser cycle!,
i.e., the population inversion in the rotated basis @see Eq.
~7!#. We clearly see that the populations are inverted at each
half laser cycle, that is at each level crossing in the rotated
basis. This is the signature of adiabatic passage through each
crossing, and is a periodic effect. We also note that, between
each crossing, there are oscillations which have amplitudes
that vary between crossings, and from crossing to crossing.
These arise because, although we may have nonadiabatic ef-
FIG. 1. The energies of the transformed states u e˜& and ug˜& of
the rotated basis are represented as a function of time. The time unit
is the laser cycle. We clearly note periodic crossings at each half-
cycle of the laser T1/25p/vL . The dotted lines correspond to the
instantaneous quasienergies «1 and «2 , which are the eigenvalues
of the transformed Hamiltonian ~6!.fects at a crossing, away from the crossing we have adiabatic
following where the instantaneous energy of the system is
given by the diagonal form of Eqs. ~1! and ~6!:
E6~ t !56\A~v0/2!21~V0sinvLt !2. ~9!
The ‘‘quasienergies’’ E6(t) are indicated by the dashed lines
in Fig. 1. In the Bloch vector picture of a two-level system
the Bloch vector, representing the state of the system, pre-
cesses about a moving vector with coordinates given by di-
agonal and off-diagonal terms in the Hamiltonian. The popu-
lation difference is conventionally given by the projection of
the Bloch vector on the z axis, and this results in the oscil-
lations changing in amplitude ~due to the changing projec-
tion angle! and in frequency ~as the quasienergy increases!.
A straightforward argument @19,14# shows that the popula-
tion difference ~dipole moment! between the crossings will
be given by the adiabatic following solution:
d~ t !5m@~ ua1u22ua2u2!cos2u~ t !
12 sin2u~ t !Re~a1a2*eif~ t !!# , ~10!
where a1 and a2 are the amplitudes of the adiabatic states
~which change at each crossing!, the angle u(t) is defined by
cos2u~ t !5
V0sinvLt
A~v0/2!21~V0sinvLt !2
, ~11!
and the adiabatic phase f(t) follows from the integration of
the difference between the adiabatic energies:
f~ t !5E
0
t
@E1~ t !2E2~ t !#dt5
2V0
kvL
E~vLt ,k !, ~12!
where E(vLt ,k) is an incomplete elliptic integral of the sec-
ond kind, and
k5V0 /A~v0/2!21V02. ~13!
FIG. 2. The time-dependent dipole, or population inversion in
the rotated basis, is shown as a function of time. The initial state of
the atom is the ground state and there is a Rabi frequency V0.0.8
a.u., a laser frequency vL50.0258 a.u., and an atomic frequency
v050.3 a.u. These parameters are chosen so that the adiabaticity
parameter L51.1, and the crossing parameter R50.1892 in the
level-crossing picture. The time unit is the laser cycle.
56 3095HIGH HARMONIC GENERATION AND PERIODIC LEVEL . . .The changes in the amplitudes of the oscillations between
crossings ~see Fig. 2! are directly related to nonadiabatic
effects occurring at each crossing. The crossing mixes the
adiabatic states, and thus changes the initial conditions for
the adiabatic following.
Time-dependent level crossings have many physical real-
izations such as atomic collisions @20,21#, two-level systems
driven by frequency-modulated light, microwave-induced
Stark effects @22#, molecular dissociation @17#, and in the
study of molecular wave-packet dynamics @16,23#. Such
models have also been useful in laser cooling and trapping
@24,13#. A useful approach in all of these systems is to as-
sume that the crossing time tc over which the crossing takes
place is so short when compared to the time betwen the
crossings, as we will see, that we may linearise the Hamil-
tonian ~6! over a small time interval Dt @25#
H˜ ~ t !5\S V0vLDt v0/2
v0/2 2V0vLDt
D. ~14!
The mathematical advantage of this kind of linearization is
that we can determine how the wave function C is changed
because of the ‘‘coupling’’ v0/2. The key parameter in de-
scribing this is the adiabaticity
L5
~v0/2!2
V0vL
, ~15!
i.e., the ratio of the square of the coupling to the energy slope
at the crossing in the rotated basis. The usefulness of this
parameter is seen if we determine the probability P of re-
maining in the same ~rotated basis! state at a linear crossing
which is the Landau-Zener transition probability @25#
P5exp~2pL!. ~16!
For adiabatic crossings L@1 and P!0, while for ‘‘diaba-
tic’’ ~or ‘‘nonadiabatic’’! crossings, L!1, and P!1. We
note that from the point of view of level crossings, the adia-
batic regime (L!`) corresponds to what is actually called
the perturbative regime in the original basis of the Hamil-
tonian ~1!. This is because V0!0 corresponds to L!` in
Eq. ~15!.
The condition ensuring that the Landau-Zener concept is
applicable in our model is that the crossings should be well
localized or well separated from each other. In the case
where this condition is not satisfied, each crossing region,
with its strong mixing of two levels, would extend to the
next crossing, and this would invalidate the Landau-Zener
approach to the crossing. We also find that, unless the cross-
ings are well separated, there is no plateau for the harmonic
spectrum. In order to quantify this we need an expression for
the time over which a crossing is effective, tc . A suitable
definition of tc is given by the time at which the magnitude
of the diagonal and off-diagonal elements of Eq. ~6! become
equal, i.e.,
tc5
v0 /2
V0vL
. ~17!
Then the condition for well-separated crossings is @13#tc!
p
vL
, ~18!
which can be written as a condition for a dimensionless
crossing parameter R , which is
R5v0 /2V0 , ~19!
and must satisfy R!p . This corresponds to a weak-coupling
regime in the rotated basis, as is seen in the expression of the
transformed Hamiltonian H˜ (t) @see Eq. ~6!#. Note that this
condition is satisfied when the system is excited with very
intense laser fields, that is, for high Rabi frequencies V0
which corresponds to a strong coupling in the original ~un-
rotated! basis, and is in the region of parameter space of
interest.
We now focus on the harmonic spectrum for the case
where the two-level system is initially in its ground state, and
then submitted to a laser square pulse with a duration of 64
cycles and with a laser frequency vL50.0258 a.u. The first
part of the time evolution of the dipole is shown in Fig. 2,
and in Fig. 3 we present the coherent spectrum obtained for
a Rabi frequency V0.0.8 a.u. The corresponding adiabatic-
ity parameter has a value of L51.1, and the crossing param-
eter is R50.1892 which is short enough to ensure separated
crossings. The spectrum presents odd harmonics of the laser
frequency and hyper-Raman lines. We see that the harmonic
spectrum shows a plateau and a cutoff which is defined, as
usual, to lie at the end of the plateau @2–5,7,9,10#.
The value of the cutoff can be easily understood from the
picture of adiabatic following. We see in Eq. ~10! that the
last term can introduce rapid oscillations into the dipole mo-
ment because of the adiabatic phase f(t). The instantaneous
frequency is given by the difference of the quasienergies, Eq.
~9!. That difference has a minimum value of v0 and a maxi-
mum value of
qmaxvL52A~v0 /2 !21V02 ~20!
where qmax defines the maximum order of the harmonic. This
expression agrees with an approximate result given in Ref.
@10#. We can rewrite Eq. ~20! in terms of the adiabaticity
parameter as
FIG. 3. Logarithm of the coherent spectrum SC(v) @Eq. ~4!# is
shown for the parameters in Fig. 2 and for 64 cycles of the laser
field. The frequency unit is the laser frequency.
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L
R S 11 1R2D
1/2
, ~21!
so that the position of cutoff is seen to increase linearly with
adiabaticity L . For well-separated crossings qmax is inversely
proportional to the square of the crossing time tc . We find in
our numerical work that the simple cutoff law Eq. ~20! works
very well for all cases that present a plateau in the spectrum.
For the parameters of Fig. 2 the predicted cutoff is at
qmax'63, in agreement with the figure.
We may observe the effect of changing the laser fre-
quency vL on the plateau and cutoff observed in HHG spec-
tra, and relate these variations to the adiabaticity parameter
L ~as the crossing parameter R is independent of vL in the
level-crossing model picture!. As an example, here we con-
sider a doubling of the laser frequency so that vL50.0516
a.u.; this corresponds to an adiabaticity parameter L50.55
and the same crossing time-scale parameter R . The reduction
in the adiabaticity parameter results in greater nonadiabatic
effects which mean that we no longer have population swap-
ping in time because the transfer of population between the
adiabatic states is incomplete. The resulting behavior can be
described by ‘‘gross structures’’ @14# which periodically shift
the fast adiabatic evolution. The spectrum has a plateau
which is very much reduced and has a cutoff at qmax.31, in
agreement with the cutoff law ~20!. In this case, and in gen-
eral, we have found that the plateau height is proportional toexp(2pL)—although there are quite large fluctuations about
this value ~a topic which may be an interesting subject for
further study!. Thus the characteristics of the plateau are
strongly related to the Landau-Zener transition probability
~16! and the value of the adiabaticity parameter L .
To summarize, we have seen that the origin of the plateau
is linked to rapid crossings of the levels at each half-cycle of
the laser period, during which nonadiabatic effects take
place. We have also found that the cutoff for the plateau is
accurately given from the picture of adiabatic following by
expression ~20!, and the height of the plateau is approxi-
mately proportional to the Landau-Zener transition probabil-
ity ~16!. The duration of the crossings tc is crucial in this
description as it allows nonadiabatic effects to take place at
regular intervals. This means that an essential condition for
the appearance of a plateau is given by Eq. ~18!, which en-
sures that the duration of a crossing is much shorter than the
time between crossings. This suggests an immediate analogy
to the recollision picture @2–4,6# where we also experience
two distinct time scales: a short interaction time in the vicin-
ity of the nucleus ~during which the electron may recom-
bine!, and a longer time during which the electron is driven
as a free electron in the continuum under the action of the
laser field.
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